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Examination of Diffusion Modeling
Using Zero-Mean-Shear Turbulence
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An examination of diffusion modeling in second-moment turbulence closures is presented. The main objectives
are to gain a better understanding of the processes that are grouped into the net diffusive transport of the Reynolds
stresses, Dij , and to assess existing models for Dij . The benchmark case of zero-mean-shear (ZMS) turbulence
is used as a guide. The analysis of ZMS turbulence shows that the pressure–velocity processes in Dij play a
central role in establishing the anisotropy level in diffusive turbulence. Existing models for Dij based solely on the
triple velocity correlation are shown to be inadequate in the diffusive limit. The present evaluation of diffusion
models using ZMS turbulence and subsequent analysis of ZMS turbulence show that the Lumley (Lumley, J. L.,
“Computational Modelling of Turbulent Flows,” Advances in Applied Mechanics, Vol. 18, Academic, New York,
1978,pp. 123–176) model is the most viable existing diffusionmodel.A modi� cation to Lumley’s model that enables
exact predictions in the diffusive limit is suggested.

I. Introduction

S ECOND-MOMENT or Reynolds stress (RS) turbulence clo-
sures are becoming more widely used for the prediction of

complex industrial � ows.1;2 Researchers have long been interested
in the � exibility and potential universality of RS closures, but only
recently, with the widespread availability of powerful computers,
have RS closures been used in engineering computations.

The most signi� cant advancements in RS modeling were pre-
sented in papers by Rotta,3 Hanjalić and Launder,4 and Launder
et al.5; the latter is referredto as the standardclosure.Subsequentad-
vances in RS modelinghave, for themost part, beenmodi� cationsto
the standardclosure.Signi� cant contributionsinclude, for example,
the developmentof models for low-Reynolds-numberturbulence,6 ;7

improvement of the pressure–velocity interaction models,8– 11 and
models for the source and sink processes in the transport of dissi-
pation rate equation.9

Models have also been developedto approximatediffusive trans-
port in the RS equation. A review of prominent existing models
is given in the main body of this paper, following a description of
the diffusion process. In modern computations involving RS clo-
sures, the selection of a diffusion model is usually based more on
computational simplicity than on physical integrity.12 – 14 The gen-
eral assertion is that diffusive transport is small in the RS budget
and accurate modeling of diffusion is, therefore, nonessential.The
modeling community is not convinced that complex models for dif-
fusion are necessary. For the most part, complex diffusion models,
some of which involve the solution of third-moment equations, are
cumbersome to implement, and they have not been shown to be
more physicallyrealistic than their simpler and, in most cases, more
computationally stable counterparts.There still exists a lack of in-
formation on the turbulent diffusion process, and this, more than
anything, contributes to the indiscriminate selection of diffusion
models for engineering computations.

In the present study, the modeling of diffusive transport is exam-
ined for zero-mean-shear (ZMS) turbulence, a case that represents
the diffusive limit. In ZMS turbulence, no mean � ow exists, and as
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such the level of turbulent kinetic energy is maintained by a bal-
ance of diffusive transport and dissipation. The anisotropy in ZMS
turbulence,which assumes a constant level, is established by a bal-
ance of diffusive transport and pressure–velocity interaction. Hav-
ing these relatively simple characteristics,ZMS turbulenceis useful
as a benchmark for testing diffusion and pressure–strain models in
second-moment closures and for examining the relative in� uence
of the different diffusion processes.

This paper consists of two main parts: a description of diffusive
transport in second-moment closures, including a review and eval-
uation of many existing models, and an examinationof ZMS turbu-
lence, including an evaluation of existing second-moment closure
models, an analysisof the diffusionprocess, and a recommendation
of the best existing RS diffusion model.

II. Second-Moment Turbulence Modeling
In RS closures, equations for the transport of the individual tur-

bulent stresses are solved along with the conservationequations for
mass and momentum. The exact equation for the transport of u i u j

is derived by taking velocity-weightedmoments of the momentum
equations. The result is expressed in Cartesian tensor form as
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where ui u j is the RS tensor, NUk is the mean � ow vector, p0 is the
pressure � uctuation,and ½ and º are the � uid density and kinematic
viscosity, respectively.The grouped terms represent the convection
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Ci j , diffusionDi j , shear productionPi j , pressure–strain ¼i j , and dis-
sipation ²i j , of u i u j . The convection and shear production terms in
Eq. (1) require no approximation, but the pressure–strain, dissipa-
tion and diffusion of u i u j must be modeled in terms of dependent
variables to obtain a closed, second-moment framework. Exper-
imental and theoretical considerations suggest that the pressure–

strain term should be modeled in terms of the anisotropy tensor

ai j D
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and the additional tensor
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Three different relations are considered in the present work to
model the pressure–strain terms.The simplestof these is the relation
described by Launder9 (LNDR),

¼ l
i j D ¡C l

1²ai j ¡ C l
2 Pi j ¡ 1

3
Pkk ±i j .6/

where the expressions on the right-hand side are, respectively,
the return-to-isotropy model of Rotta3 and the isotropization-of-
production model of Launder et al.5 The remaining two pressure–

strain models are considerablymore complex than Eq. (6), but both
have received favorable reviews from the modeling community.
They are the models of Fu et al.8 (FLT),
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and the model of Speziale et al.10 (SSG),
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where k (D 1
2
u i u i ) is the turbulent kinetic energy, ² is the isotropic

dissipation rate of k, and Pk D 1
2
Pkk is the production of k.

The dissipation ²i j is assumed to be isotropic and is modeled
using the conventional ²i j D 2

3
²±i j model; ² is then obtained from

the following transport equation:
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The modeling of Di j will be considered in the remainder of this
paper. Recommended values for the model coef� cients appearing
in Eqs. (6–9) are

C l
1; C l

2 D f1:8; 0:6g; C f
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5 D f1:7; 0:9; 1:05; 0:8; 0:65; 0:625; 0:2g

fC²; C²1; C²2g D f0:14; 1:44; 1:92g

III. Diffusive Transport of uiuj

Three separate processes are grouped into Di j [see Eq. (1)] to
represent the net diffusive transport of ui u j . The term involving
the kinematic viscosity º represents the diffusionof turbulencemo-
ments by the � uid’s naturalmolecular transportprocesses.The triple
velocity correlation represents the transport of turbulencemoments
by velocity � uctuations, commonly called turbulent transport, and
the two terms containingpressure–velocity correlations represent a
process that is referred to as pressure–diffusion.

A model must be provided that approximatesDi j in terms of de-
pendent variables, and this requires further consideration of each
of its three components. The molecular diffusion component is al-
ready in a suitable form, but for high-turbulenceReynolds number
Ret molecular diffusion is small, and as such this term is usually
ignored in Di j models. The turbulent transport component has been
studied by considerationof the exact transport equation for u i u j uk

and by examining direct measurements of triple correlations from
various � ows. Turbulent transport is considered to be the dominant
mechanism in Di j , and past modeling efforts have focused almost
exclusively on this process. The pressure–diffusion component is,
by comparison, very poorly understood, due mainly to the dif� -
culty in measuring the pressure–velocity correlations in turbulent
� ows. In most existing models for Di j , pressure–diffusion either
has been neglected on the basis that it is small or has been indi-
rectly accounted for by adjusting the coef� cient in the turbulent
transport model, a process referred to as optimization of Di j . To
clarify, when pressure–diffusion is neglected, the coef� cient in the
turbulence transport model is tuned to give correct approximations
for the triple correlations;when optimizationof Di j is used, the co-
ef� cient in the turbulent transportmodel is tuned to give the correct
net diffusion in the ui u j transport equation.

The reviewpresentedin thenextsectiondescribesmanyof thedif-
fusion models that have been proposed over the past three decades.
As part of the review, the proposed models are classi� ed in terms
of their implementationas either simple, intermediate, or complex.
Following the review of models, a brief section is included to review
the existing evaluations of diffusion models. The existing evalua-
tions give a clear indication of which diffusion models are viable,
but it also becomes evident that these evaluationsare incomplete in
terms of examiningthe entirediffusionprocess.This leads naturally
to the present evaluationof diffusion models using ZMS turbulence
and subsequent analysis of ZMS turbulence. In these sections we
providesomemuchneeded insightinto the diffusionprocess,insight
that allows us to determine the best existing diffusion model.

A. Review of Dij Models
A simple gradient-transportrelation for the triple correlationwas

proposed by Daly and Harlow15 (DH):
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where Cdh
s D 0:22 is the recommended coef� cient based on opti-

mization of Di j . Models similar to Eq. (10) were also proposed by
Wyngaard et al.16 and Shir.17 The fundamentalweaknesses of these
models (as models for ui u j uk ) are that they do not exhibit frame
invarianceand they are symmetric in only i and j , whereas the triple
correlation is symmetric in all three indices.

Another relatively simple, single-coef�cient relation was pro-
posed by Hanjalić and Launder4 (HL) and was obtained by con-
sideration of the exact equation for the transport of ui u j uk . HL
simpli� ed the transport equation for u i u j uk to the extent that the
following algebraic expression emerged:
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Chl
s D 0:11 is the modern recommended coef� cient, again based on

optimization of Di j . The HL model represents a gradient-transport
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approximation that is frame invariant and satis� es the full symme-
try of the triple correlation. A simpli� ed version of the HL model
was proposed by Mellor and Herring18 (MH) whereby the turbulent
diffusivities were assumed to be isotropic instead of tensorial. The
MH model is given as
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where Cmh
s has a value of 0.20, again based on optimizationof Di j .

Another model, which is classed here as a simple Di j model, is
the relation proposed by Lumley19 (LUM), where separate mod-
els were devised for the triple velocity correlation and pressure–

diffusion components of Di j . The model for u i u j uk was derived
from statistical considerationsin weakly inhomogeneous� ows and
is given as

¡ui u j uk D C l
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s2.Gi ± jk C G j ±i k C Gk ±i j / .14/

where

Gi D Gimm .15/

The terms in parentheses, multiplied by C l
s2, essentially provide a

linkbetween theGi jk correlations.The LUM model for thepressure–

diffusion component of Di j is given as

.1=½/p0uk D ¡ 1
5
uk umum .16/

C l
s1 D 1=3C1 D 0:098 and C l

s2 D .C1 ¡ 1/=.4C1 C 5/ D 0:129 (for
C1 D 3:4) are the recommended coef� cients for compatibility with
the SSG pressure–strain relation.20

Modelsof intermediatecomplexitybutstill basedon thegradient–
transport approximation were proposed by Cormack et al.21 and
Magnaudet.22 Both of these models were derived from a general
asymptotic expansion of ui u j uk about an isotropic, homogeneous
state using the method of invariant modeling originally proposed
by Lumley and Khajeh–Nouri.23 Like the HL model, the resulting
relations are frame invariantand symmetric in all three indices.The
Cormack et al.21 model contains 10 gradient-transporttensor terms
and 4 independent coef� cients, which were set to agree with triple
correlation measurements. The Magnaudet22 model for ui u j uk is
similar to the Cormack et al.21 model, but in the model for Di j , the
LUM model for pressure–diffusion is also included.

The most complicated models for u i u j uk are not based on the
gradient-transportapproximation but instead are based on approx-
imate solutions of the exact transport equation for ui u j uk . These
include the models of Amano et al.24 and Nagano and Tagawa.25 In
both models, coef� cients in the approximate transport equation for
u i u j uk were set to obtain solutionsthat agreedwith triple correlation
measurements.

B. Previous Evaluations of Dij Models
Evaluation of the mentioned models has mainly been by di-

rect comparisons with triple correlation measurements. Cormack
et al.21 included detailed comparisons between the results of ex-
isting gradient-transport models and triple correlation data from
asymmetric channel � ow, wall jets, turbulent pipe � ow, and mixing
layers. In these comparisons, the models of DH and Shir17 gave
poor agreement with the data and their own model, and that of HL
offered good overall agreement.

Amano et al.24 included comparisons of triple correlations pre-
dicted by their transport model and several gradient-transportmod-
els (DH, Shir,17 HL, and Cormack et al.21) for � ow over a backward-
facing step. Although the Amano et al.24 model was slightly better
in some regions, in general, the comparisons favored the HL model
as being the most reliable overall.

Model comparisonswere also included in Ref. 25. Predictionsof
triplecorrelationsfor12 differentshear� ows suggestthat thismodel
may be preferable to all existing models for the triple correlation.
The main deterrent against using the Nagano and Tagawa25 model
in general applications is its computational complexity.

A further evaluationof gradient-transportmodels (DH, HL, MH,
and LUM) was included by Schwarz and Bradshaw.20 Their eval-
uation was based on comparisons between model predictions and
triple correlationdata froma three-dimensionalboundary layer.The
predictions from the LUM and HL models, respectively, were in
best overall agreement with the data. The predictions from the DH
model were consistently farthest from the data, and the predictions
from the MH model fell between those of the DH and HL mod-
els. Schwarz and Bradshaw20 concluded that the assumption of an
isotropic turbulent diffusivity, as in the DH and MH models, leads
to poor predictions in three-dimensional� ows.

In summary, the existing evaluations clearly favor the simple
gradient-transportrelations for modeling diffusion.Although there
are weaknesses in these simple models, made evident by the fact
that predictions for certain � ow quantities are poor, the preced-
ing evaluations provide no justi� cation to jettison the gradient-
transport approach in favor of the more complex approaches. It
is also important to note that it is impossible to determine the ex-
act nature of the weaknesses in diffusion models on the basis of
the shear-� ow data used in previous evaluations. In shear � ows,
even those where diffusion is signi� cant, the intricaciesof diffusive
transport are obfuscated by the comensurate contributions of other
processes. Thus, only the net diffusive transport can be determined
with any accuracy. To determine the effects and the relative con-
tributions of the different diffusion processes, and thus the model
weaknesses, a more diffusive � ow should be used for evaluation.In
the next section, the simple gradient-transportdiffusion models are
evaluated using ZMS turbulence. This evaluation provides insight
into the main weaknesses of Di j models, and a subsequent analy-
sis of ZMS turbulence provides further insight to overcome these
weaknesses.

IV. ZMS Turbulence
ZMS turbulenceis obtained by allowing turbulencegenerated by

a planar source to diffuse into a � uid in the absence of mean � ow.
Because there is no mean � ow, the transport of turbulentkinetic en-
ergy k from the source layer into and throughoutthe � uid is entirely
diffusive.Further, there is no productionof turbulenceexcept in the
source layer. This means that the spatial variationof k is established
by a balance of diffusive transport and dissipation. An important
characteristicof ZMS turbulence,which is evidently a result of this
balance, is that a spatiallyconstant level of anisotropyis maintained
between the planar and transportdirections.The anisotropyin ZMS
turbulence is generated in the diffusion process and maintained by
a balance between diffusion and pressure–strain.

It is relativelystraightforwardto deriveexpressionsfor the spatial
variation of turbulence and the growth rate of integral length scales
in steady, high-turbulence-Reynolds-number ZMS turbulence (see,
for example, Ref. 26). The resulting expressionsare given as

Nu1 / x¡n
3 ; l D ¯x3; a D .u3u3=u1u1/

1
2 ¼ const .17/

where n, ¯, and a have been established experimentally to be n D
1.0, ¯ D 0:1 ¡ 0:25, and a ¼ 1:2 [see Table 1 (Refs. 26–33)]. The
Appendix contains further discussion of the inverse power law for
Nu1 and a veri� cation of the high-turbulence-Reynolds-number as-
sumption that forms the basis of the inverse power law for Nu1 .

Table 1 Summary of values determined for ZMS turbulence
parameters in various experimental studies

Reference n ¯ aa

Thompson and Turner27 1.5 0.1 ——
Hop� nger and Toly26 1.0 0.1–0.25 1.2
E and Hop� nger28 1.0 0.1–0.25 ——
Nokes29 0.8–1.2 0.1 ——
Hannoun et al.30 1.0 0.1 1.32
De Silva and Fernando31 1.0 0.1 1.18
De Silva and Fernando32 1.0 0.1 1.18
Kit et al.33 1.0 0.125 1.1

aNot all studies provided measurements for a.
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A. Evaluation of Dij Models Using ZMS Turbulence
Attention is now turned to the evaluation of computational mod-

els using ZMS turbulence. To take advantage of the simple spatial
structureof ZMS turbulence,an approachhasbeendevisedwhereby
model predictions can be made analytically, thus eliminating any
inference of numerical error in the evaluations. We begin by con-
sidering the desired results, i.e., the prediction of n and a for the
expressionsin Eq. (17). (The predictionof ¯ is determinedby solv-
ing the dissipation rate equation and, as will be seen subsequently,
hasno in� uenceon the other predictions.)Concerningtheprediction
of n, we note that, in general,the exponentin a power-lawexpression
is extremely sensitive to the position of the origin. In experimental
studies of ZMS turbulence (see, for example, Ref. 26), the concept
of the virtual origin is used to quantify measured results. The vir-
tual origin is determined by extrapolating the integral length scale
variation [see Eq. (17)] to zero and represents the origin for the Nu1

expression.In terms of our analyticalpredictions,the positionof the
origin (virtual origin), and thus the value of n, is controlled by the
coef� cients and the imposition of boundary conditions in the dissi-
pationrateequation.Becauseourmain interesthere is to evaluatethe
performanceofmodels in theRS equation(Di j models in particular),
we assume in the present analysis that the origin is situated to give
the inverse power law for Nu1. Thus, the result that this evaluation
focuses on is the anisotropy level a. The present approach is de-
vised to give a predictionof a for each combinationof diffusionand
pressure–strain models for the case where the power-law exponent
n has a value of 1. In this respect, the present evaluationfocuses ex-
clusively on the result that the models of interest directly in� uence.

To begin, the simpli� ed RS equations for steady ZMS turbulence
diffusing from the x1¡x2 plane in the x3 direction are given as

0 D D11 C ¼11 ¡ 2
3 ² (18)

0 D D33 C ¼33 ¡ 2
3 ² (19)

Because all of the gradient-transport diffusion models to be eval-
uated can be rewritten as the product of a coef� cient and a tensor
(minor algebraic manipulation is required for the LUM model),
Eqs. (18) and (19) can be rewritten as

0 D CsDc
11 C ¼11 ¡ 2

3 ² (20)

0 D CsDc
33 C ¼33 ¡ 2

3 ² (21)

where the superscriptc indicates that D is the diffusion component
without the coef� cient and Cs is the coef� cient for the particular
diffusion model used. Equations (20) and (21) can each be solved
for Cs and then equated to give

Dc
33

Dc
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D
2
3

¡ ¼33=²
2
3

¡ ¼11=²
.22/

which, when modeled, can be used to obtain a value of a for each
combinationof pressure–strain and diffusionmodels. The three dif-
ferent pressure–strain relations, LNDR, FLT, and SSG, valid for
ZMS turbulence are given as
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where the coef� cients are given in Sec. II. The four gradient-
transport diffusion models considered in this evaluation, DH, MH,
HL, and LUM, are given in Eqs. (10), (11), (13), and (14), respec-
tively.

Next, using the relations in Eq. (17) and the value n D 1, the
following solution � elds are devised for ZMS turbulence:

u1u1 D u2u2 D B2 x2
3 ; u3u3 D a2 B2 x2

3
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k D 1
2
u i u i D [.2 C a2/=2] B2 x2

3

where B is an arbitrary coef� cient that is dependent on the strength
of the turbulence source.

Table 2 Components of the pressure–strain models valid
for ZMS turbulence
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Table 3 Components of the diffusion models valid
for ZMS turbulence

Model Dc
11 Dc

33

DH 3Cdh
s a2.2 C a2/K 3Cdh

s a4.2 C a2/K
HL 3Chl

s a2.2 C a2/K 9Chl
s a4.2 C a2/K

MH 3
2 Cmh

s .2 C a2/2K 9
2 Cmh

s a2.2 C a2/2K
LUM 3Cl

s1a2.2 C a2/.1 C 2C l
s2 3Cl

s1a2.2 C a2/[.3a2 C 6Cl
s2

C 3a2C l
s2/K C 9a2C l

s2/ ¡ PD.4 C 6a2

C 20Cs2 C 30a2Cs2/]K
where K D ¯ B3=Ax4

3

Table 4 Summary of anisotropy levels (a = (u3u3/ u1u1 )1=2) predicted
by various combinations of pressure–strain and diffusion models

Model DH HL MH LUM

LNDR 1.00 1.75 1.75 1.00
FLT 1.00 1.54 1.54 1.00
SSG 1.00 6.88 6.88 1.00

The dissipation rate is approximated as34

² D A
Nu3

1

l
D AB3

¯x4
3

.27/

These expressionsare then substitutedinto the componentsfor each
of the pressure–strain and diffusion models to be evaluated.Table 2
containsa summary of the pressure–strain components,and Table 3
contains a summary of the diffusion components for ZMS turbu-
lence. Note that all of the components in Tables 2 and 3 are func-
tions of a only. The additionalcoef� cient K, which appears in every
diffusion component, was formed to simplify the component ex-
pressions and because it cancels out in the next step of the analysis.
In the LUM model, the terms resulting from the triple correlation
model and the pressure diffusion model are given separately. The
coef� cient PD , for which LUM assigns the value PD D 1

5 , multiplies
the terms resulting from the pressure–diffusion model.

Finally,each combinationof pressure–strainanddiffusionmodels
is substitutedinto Eq. (22) to obtain an implicit expression for a. As
an example, the combination of the LNDR pressure–strain model
and the HL diffusion model gives

a2 D
2
3

¡ 2
3

¡ [2a2=.2 C a2/] C l
1

3 2
3

¡ 2
3

¡ [2=.2 C a2/] C l
1

.28/

which canbe solved to predictan anisotropya D 1:75.The summary
of predicted anisotropies for all combinationsof models is given in
Table 4.

It is evidentfromTable4 thatlargediscrepanciesexistbetweenthe
predictedanisotropylevels of the differentmodels and that no com-
bination of models gives a result that is correct for ZMS turbulence
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(a ¼ 1:2). The DH model predicts isotropic turbulence for all cases
because there is no mechanism in the diffusion model to generate
anisotropy. This result is clearly not plausible because anisotropy
must exist for transport to occur. The HL and MH models happen to
predict identical results for ZMS turbulence because of the factor-
of-three difference between their respective diffusion components.
Although these models both generate anisotropy,the factor of three
is evidentlymuch too large becauseno existingpressure–strain rela-
tionhasenoughrestorativeeffect to reducetheanisotropyeven close
to the correct level. The LUM model does generate anisotropy, but
the pressure–diffusion component eliminates the anisotropy gener-
ated in weakly inhomogeneous turbulence. Thus, for ZMS turbu-
lence the LUM model predicts a D 1:0 regardless of the pressure–

strain relationused, a result that, like that from the DH model, is not
plausible. To verify the amount of anisotropy that is generated by
the LUM model, when pressure–diffusion is neglected, i.e., when
PD is set to zero, the model predicts anisotropiesof a D 1:54; 1:48;
and 1.84 when combined with the LNDR, FLT, and SSG pressure–

strain models, respectively. Thus, the LUM model generates less
anisotropy than the HL and MH models, and like the HL and MH
models, the resultinganisotropyleveldependson thepressure–strain
relation used.

The predictionsobtainedusing the DH model and the MH model
are not unexpected on the basis of previous evaluations; however,
the predictions obtained using the HL and LUM models are sur-
prisingly poor. The poor predictions of the HL and LUM models
suggest that there may still be some fundamental error in these dif-
fusion relations. Whereas this error could easily be attributed to the
gradient-transportform of the model relations, a closer look at the
structure of ZMS turbulence will show that this is not the case. In
fact, there is noother� owwhere theassumptionof gradienttransport
is more appropriate. In the next section, ZMS turbulence is exam-
ined in much greater detail by analyzing the moment equations of
turbulence. This analysis provides insight into each of the different
diffusionprocessesand, thus, enables us to make a recommendation
of the best existing diffusion model.

B. Analysis of the Moment Equations in ZMS Turbulence
On the basis of the experimental data for ZMS turbulence, there

is no question that anisotropy is generated in diffusive turbulence.
The question is how much anisotropy is generated and what, if any,
effect pressure–diffusion has on the resulting level of anisotropy.
In this section, this question is addressed by examining the roles
and the relative in� uence of ui u j uk and pressure–diffusion in ZMS
turbulence.

The constant level of anisotropy is the characteristic of ZMS
turbulencearound which much of the followinganalysis is focused.
The balance that maintains the anisotropy level contains very few
processes, permitting insight into the behavior of each process. The
behaviorand the relativein� uenceof eachprocessis establishedhere
through an examination of the second- and third-moment transport
equations for turbulence.

The equations for u1u1; u2u2, and u3u3 in ZMS turbulence are
obtained from a reduction of Eq. (1) and are, respectively,
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where Di j is given in its exact form but neglectingmolecular trans-
port.For simplicity,theRotta3 pressure–strainrelationhasbeenused
in this analysis. It is evident from Eqs. (29–31) that the anisotropy
level is maintained by a balance of turbulent transport, pressure–

diffusion, and the return-to-isotropy (RTI) portion of pressure–

strain. Whereas the dissipation rate is part of each RS balance, its
contribution is the same in each equation and, hence, dissipation
does not in� uence anisotropy.The in� uence of RTI in Eqs. (29–31)
is to restore isotropy,and this is accomplishedby means of a simple

redistribution of turbulent kinetic energy among the normal stress
(energy) components.

The in� uence of turbulent transport in Eqs. (29–31) is estab-
lished by considerationof the exact transport equation for the triple
correlation.For ZMS turbulence,the exact equationfor the transport
of ui u j uk is
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where the molecular diffusion and dissipation of u i u j uk have been
neglected on the basis of high-turbulence Reynolds number. The
triple correlations are established by a balance of the quadruple
correlation, which represents the transport of u i u j uk by turbulent
� uctuations, the velocity-weighted moment of pressure–diffusion,
the production of ui u j uk by turbulent � uctuations, and the modi� -
cation of u i u j uk due to pressure interactions.Following the work of
Hanjalić andLaunder4 and all subsequentstudies,the quadruplecor-
relation is simpli� ed using the quasinormal approximation,and the
modi� cation due to pressure is approximatedusing a third-moment
RTI relation. Equation (32) is then reduced to
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The component equations for the triple correlations appearing in
Eqs. (29–31), u1u1u3; u2u2u3, and u3u3u3 , respectively, are ob-
tained from Eq. (33) and are
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It is evident from Eqs. (34–36) that the diagonal triple correla-
tion u3u3u3 has a magnitude different from that of the u1u1u3 and
u2u2u3 components(which are equal) and, thus, turbulenttransport,
in Eqs. (29–31), has the effect of generatinganisotropy(as suggested
in the preceding sections of this paper).

The only remaining term that appears to affect the RS balances
given in Eqs. (29–31) is the pressure–diffusion term in Eq. (31).
It is expected that this term has some in� uence on the turbulence
structure, particularly in diffusive turbulence. In the LUM model,
the pressure–diffusion component is 20% of the magnitude of its
related turbulent transport component. We speculate here that it is
not only pressure–diffusion that is important but also the velocity
weighted moments of pressure–diffusion that appear in Eqs. (34–

36). The in� uence of both of these pressure–velocity processes is
deduced next.

Before considering the in� uence of the individual pressure–

velocity processes, it is very straightforwardto demonstrate the im-
portanceof the pressure–velocity terms in the diffusivelimit by sim-
ply applying the conventionalhypothesis that all pressure–velocity
terms are negligible.By applying this hypothesis,Eq. (33) becomes
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which is exactly the HL model (if C¼1 D 0:11). We know from the
evaluations given in the preceding section that the HL model gives
extremely poor predictions of the anisotropy in ZMS turbulence
regardlessof the pressure–strain relation used. Thus, the hypothesis
that pressure–velocity terms are negligible must be rejected.

Next, consider the pressure–diffusion process itself and the RS
balances given by Eqs. (29–31). We can show that pressure–

diffusion results in a net gain or loss of k by summing Eqs. (29–31)
(and dividing by 2) to give
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A limited amount of experimental evidence for jets35 suggests that
the pressure–velocity correlation is negative. This, combined with
the magnitude of p0u3 decreasing in the direction of transport, sug-
gests that pressure–diffusion results in a loss of k and, thus, reduces
anisotropy.

The in� uence of the velocity-weighted moment of pressure–

diffusion is slightly more dif� cult to ascertain because nothing is
presently known about the triple correlations involving pressure
� uctuations. We can, however, deduce the in� uence of this pro-
cess on the basis of the preceding analysis. Consider, � rst, that the
HL model emerges naturally from the u i u j uk transport equation (in
ZMS turbulence) if the pressure–velocity processes are neglected
and that the HL model gives a factor-of-three difference between
u3u3u3 and u1u1u3, which results in an anisotropy of a D 1:75. To
reduce such a high level of anisotropy by pressure–diffusion alone,
the pressure–velocity correlation in Eq. (31) would need to have a
magnitude nearly 60% as high as the triple correlation u3u3u3; a
value that is unrealistically high. Thus, the velocity-weightedmo-
ments of pressure–diffusion, which appear in all triple correlation
equations, must be a mechanism that regulates the generation of
anisotropy at the third-moment level.

To summarize,pressure–diffusionand the velocity-weightedmo-
ments of pressure–diffusion have the combined effect of reducing
the anisotropy in diffusive turbulence. The velocity-weighted mo-
ment of pressure–diffusion regulates the generation of anisotropy,
and pressure–diffusion itself has the effect of attenuating the
anisotropythat is generated.Clearly, a diffusionmodel must contain
mechanisms that can account for these pressure–velocity effects to
make realistic � ow predictions in regions where the diffusive limit
is approached. In the � nal section of this paper, a recommendation
of the best existing diffusion is made on the basis of the analysis
given next.

V. Discussion
The analysis given in the preceding section offered some con-

crete evidence that the pressure–velocity processes in the second-
and third-moment equations are crucial in the RS and u i u j uk bal-
ances as the diffusive limit is approached. Furthermore, from the
evaluation of existing Di j models and the analysis given in the
preceding section, it is evident that the LUM diffusion model is
the only existing model that has a form capable of accounting for
the pressure–velocity processes in a physically realistic manner. In
words, the LUM triple correlationmodel has a component that links
each of the triple correlations and, thus, controls the generation of
anisotropy, and the LUM pressure–diffusion model attenuates the
anisotropy that is generated. In its present form, however, the LUM
model eliminates the anisotropy generated in weakly inhomoge-
neous turbulence. On the basis of the � ndings presented in this
paper, we suggest a modi� cation to the LUM model that enables
exact predictions for the diffusive limit.

The modi� cationis simply to reducethe in� uenceof thepressure–

diffusion term, thereby allowing anisotropy to exist in the diffusive
limit. If thecoef� cient PD in thepressure–diffusionmodel is reduced
from 1

5 to 4
25

(a reduction by 4
5
), the anisotropy in the diffusive limit

is predicted to be a D 1:2, the level suggested by Hop� nger and
Toly.26 For completeness, Table 4 is repeated in Table 5 to show
the results of the modi� ed Lumley model combined with each of
the three pressure–strain relations and to contrast these results with
the results of the other diffusion models. The modi� ed LUM model
gives reasonable results when combined with each of the LNDR,

Table 5 Summary of anisotropy levels [a = (u3u3/ u1u1 )1=2] predicted
by various combinations of pressure–strain and diffusion models

LUM LUM
Model DH MH HL original modi� ed

LNDR 1.00 1.75 1.75 1.00 1.20
FLT 1.00 1.54 1.54 1.00 1.30
SSG 1.00 6.88 6.88 1.00 1.25

FLT, and SSG models, demonstrating that the modi� ed model is
still compatible with all of the popular pressure–strain relations. In
fact, the range of anisotropypredictions for ZMS turbulence is less
than 10% across the spectrum of ¼i j models tested. This suggests
that, for diffusive turbulence,anisotropymay be controlledmore by
the diffusion process than by pressure–strain.

The modi� cation to the LUM model is not yet intended to be
viewed as a strict rule but rather as a suggestion that enables the
model to predict the correct limiting behavior. A more rigorous ap-
proach is to considerthe LUM model as a gradient transport expres-
sion that conforms to all of the rules of tensor mathematics and that
contains components that account for each important process iden-
ti� ed in our presentanalysis.The three coef� cientsC l

s1; C l
s2, and PD

could be considered adjustable and then tuned to give the correct
physical in� uence for each process. (Note that even though there
were no unknown coef� cients generated in its original derivation,
several approximationswere necessary to establish the � nal form of
the LUM model. Thus, the model is only absolutely nonadjustable
for the case where all of the approximations are exact.) Modi� ca-
tions of this magnitude, however, would be justi� ed only if more
detailed experimental data were available for diffusive turbulence.

Finally, our conclusion that the LUM diffusion model is the best
existing gradient-transportrelation for diffusion is not the � rst. It is,
however, the most compellingbecause our conclusion is based on a
purely diffusive � ow. Recall that, on the basis of � ow predictions,
Schwarz and Bradshaw20 also concluded that the LUM model was
the best existing diffusion model. Nevertheless, use of the LUM
model in computations using RS turbulence closures has not been
widespread.This lack of use is undoubtedlya result of the supposed
complexityof implementationof thismodelas comparedto themore
popular, but less realistic, DH model. Note that all of the models
considered in the present evaluation of ZMS turbulence (DH, HL,
MH, and LUM) were classi� ed as simple models on the basis that
they were derived using the gradient-transporthypothesis and that
their implementation was considered relatively simple compared
with those models classi� ed as intermediateand complex. The only
difference, in terms of implementation, between the DH, MH, HL,
and LUM models is the number of terms to be resolved.

VI. Conclusions
An investigationof diffusion modeling in second-moment turbu-

lence closures has been presented. The main focus was to establish
the relative importance of the different processes in Di j and then to
assessexistingdiffusionmodels in terms of their ability to model the
entire diffusion process. ZMS turbulence was used as a benchmark
for the evaluation of existing models, for establishing the in� uence
of the pressure–velocity processes in Di j , and for the � nal assess-
ment of existing diffusion models. The main conclusions follow.

1) Existing diffusion models based solely on the triple velocity
correlation give poor predictions in the diffusive limit. The main
weaknessof thesemodels was shown to be the neglector inadequate
handling of the pressure–velocity processes in Di j and ui u j uk .

2) Pressure–diffusion and the velocity-weighted moment of
pressure–diffusion play a central role in establishing anisotropy in
diffusive turbulence. The role of the velocity-weightedmoment of
pressure–diffusion is to regulate the generation of anisotropy, and
the role of pressure–diffusion is to reduce the anisotropythat is gen-
erated. Although this was not made evidentusing the � ow data from
previous model evaluations, the present evaluation and analysis of
ZMS turbulence made the role of the pressure–velocity processes
in Di j clear.

3) The present evaluation of diffusion models using ZMS tur-
bulence and the subsequentphysical assessment of models suggest
that the best existing relation for modeling diffusive transport in
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the ui u j equation is the LUM model. The LUM model has sep-
arate mechanisms to account for the triple correlation, pressure–

diffusion,and the velocity-weightedmoment of pressure–diffusion.
A modi� cation suggested in this paper was to adjust the coef� cient
in the pressure–diffusion model to allow anisotropy to exist in the
diffusivelimit. The justi� cationfor this modi� cationwas taken from
the present analysis of ZMS turbulence.

Appendix: Discussion on ZMS Turbulence
A briefdiscussionof the inversepower lawfor Nu1 and the turbulent

Reynolds number in ZMS turbulence is given.
Using the expressions for Nu1 and l given in Eq. (17) and the

experimental value for n, a Reynolds number based on the integral
length scale can be formed as

Rel D Nu1l=º D const .A1/

which suggests that the turbulencedoesnotdie out, evenat distances
far away from the source. Because this is not physically reasonable,
it is more likely that n is slightly greater than 1.0 or that there
are two decay laws for Nu1: one for the region close to the source,
where the high-turbulenceReynolds number exists, and one for the
region far from the source,where low-turbulence-Reynolds-number
effects are evident. Given the experimental support for n D 1:0, it is
reasonablehere to assume that the inverse power law for Nu1 is valid
for a considerabledistance from the source.

Veri� cationof thehigh-turbulence-Reynolds-numberassumption
is establishedby consideringthe benchmarkmeasurementsreported
by Hop� nger and Toly26 for the Taylor microscales ¸ in ZMS tur-
bulence. Using these measurements, the Kolmogoroff or dissipat-
ing scales lk are calculated by forming a Reynolds number based
on the Taylor microscale (Re¸ D Nu1¸=º), estimating the dissipa-
tion rate from ² D 10£ k3=2=Re¸ £ ¸ [or ² D A Nu3

1=l and then using
lk D .º3=²/1=4]. Calculation of these scales veri� es that almost two
orders of magnitude exist between ¸ and lk and, thus, the high-
turbulence-Reynolds-number approximation is justi� ed in the re-
gion where the inverse power law for Nu1 is valid.
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